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Re� ned Aeroelastic Analysis of Hingeless Rotor Blades
in Hover

Maeng Hyo Cho,* Seong Min Jeon,† Sung Hyun Woo,‡ and In Lee§
Korea Advanced Institute of Science and Technology, Taejon 305-701, Republic of Korea

The aeroelastic response and stability of hingeless rotor blades in hover are investigated using both
re� ned structural and aerodynamic models. Finite elements based on a large de� ection-type beam theory
are used for structural analysis. Although the strain components in the beam element are assumed to be
small compared to unity, no kinematical limitations are imposed on the magnitude of displacements and
rotations. A three-dimensional aerodynamic model including compressibility effect, which is a thin lifting-
surface theory based on the unsteady vortex lattice method, is applied to evaluate the aerodynamic loads.
A thin lifting-surface and its wake are represented by a number of the quadrilateral vortex-ring elements.
The wake geometry is prescribed from the known generalized equations. Numerical results of the steady-
state de� ections and the stability for the stiff in-plane rotor blade are presented. It is found that the
three-dimensional aerodynamic tip-relief, unsteady wake dynamics, and compressibility effects, not pre-
dicted in the two-dimensional strip theory, play an important role in the hingeless rotor aeroelastic
analysis in hover.

Nomenclature
A = aerodynamic in� uence coef� cient matrix
a0 = two-dimensional lift-curve slope
Cp = pressure coef� cient
c = blade chord length
cd0

= pro� le drag coef� cient
dCT/dr = spanwise thrust loading, thrust/rapR(VR)2

G(q0) = gyroscopic damping matrix in � nite element
equation

Ip = polar moment of inertia of blade cross section,
2AkA

kA = polar radius of gyration of blade cross section
km = mass radius of gyration of blade cross section,

2 2k 1 kÏ m m1 2

k , km m1 2
= principal mass radii of gyration of blade cross

section
M(q0) = mass matrix in � nite element equation
M` = Mach number
m0 = blade reference mass per unit length
Nb = number of blades
n = unit outward normal vector on the lifting blade

surface
P(q0) = internal elastic load vector in � nite element

equation
PA(q0) = generalized aerodynamic load vector in � nite

element equation
PC(q0) = centrifugal load vector in � nite element

equation
q̃(t) = small perturbation about steady equilibrium

position q0

q0 = generalized nodal displacement vector at
steady equilibrium
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R = blade radius
T(x1) = transformation matrix between undeformed

and deformed blades
u1, u2, u3 = components of displacement vector u
V = local velocity of the blade surface
W = induced velocity because of all wake vortices
x1, x2, x3 = blade curvilinear coordinates
a1, a2, a3 = orientation angles between undeformed and

deformed blades in the order lead-lag, � ap,
and pitch angles

bpc = blade precone angle
G = bound vortex strength
g = Lock number, 3a0racR/m0

up = blade collective pitch angle
ra = air density
s = blade solidity, Nbc/pR
§ = amplitude of torsional warping
c = dimensionless time, Vt
V = rotor blade angular velocity
vF, vL, vT = nondimensional fundamental coupled rotating

� ap, lead-lag, and torsion frequencies,
respectively

Introduction

M OST of the coupled � ap-lag-torsion aeroelastic stability
analyses of hingeless rotor blades in hover have been

performed using the classical two-dimensional aerodynamic
strip theory with a uniform induced in� ow.1– 3 Two-dimen-
sional aerodynamics used in these studies can predict neither
the three-dimensional aerodynamic tip-relief nor the unsteady
wake dynamics effects, which are very important in predicting
the aerodynamic damping.

In recent years, however, three-dimensional unsteady aero-
dynamic models, such as the panel method4 and the vortex
lattice method,5 with a prescribed wake geometry have suc-
cessfully been applied to the aeroelastic response and stability
of hingeless rotor blades. The generalized dynamic in� ow
model6 including a three-dimensional shed wake in� ow has
also been used to evaluate the aerodynamic loads. In these
analyses, the correlation studies with the experimental results
of a small-scale hingeless rotor in hover7 represent an im-
proved prediction of the lead-lag damping values over the full
range of collective pitch angles. The theoretical results in these
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Fig. 1 Geometry and coordinate systems of a rotor blade before and after deformation.

studies were obtained by combining the unsteady airloads with
conventional moderate de� ection-type beam theories8,9 based
on the ordering scheme that limits the magnitude of blade dis-
placements and rotations. The nonlinear aeroelastic equations
of motion were formulated by Galerkin’s method using the
coupled rotating mode shapes of a beam.

Recently, a remarkable progress has been made in the struc-
tural models of rotor blades such as large de� ection-type beam
theories10– 12 not based on the ordering scheme. There are no
small-angle approximations made and all kinematical nonlin-
ear effects are included in these re� ned models. The aeroelastic
analyses based on these structural models have also been
performed.13– 17 Aeroelastic stability boundaries and steady tip
de� ections based on these theories are reported to be quite
different from those based on moderate de� ection-type beam
theories when the collective pitch angle becomes large.15– 17

However, the aerodynamic model considered in these analyses
was the two-dimensional quasisteady strip theory.

To perform the more reliable analysis in the rotor aeroelastic
stability, the use of advanced rotary-wing aerodynamics with
a sophisticated structural model is required since the aeroelas-
tic stability is inherently a nonlinear phenomenon that involves
structural, inertial, and aerodynamic loads. Thus, the re� ned
structural model and the three-dimensional aerodynamics are
used in this paper. The structural model used in the present
analysis is based on Bauchau and Hong’s � nite element
model.10 The only assumption is that the strain is small com-
pared with unity. This approach combined with an implicit
formulation completely eliminates the need for using the or-
dering scheme. Transverse shearing deformations and torsional
warping effects are included in the formulation. The present
three-dimensional aerodynamic model is a thin lifting-surface
theory based on the unsteady vortex lattice method.18 A thin
lifting-surface and its wake are represented by a number of
quadrilateral vortex-ring elements, and the wake geometry is
prescribed from the known generalized equations.19,20 Com-
pressibility effect is also considered. This compressibility ef-
fect gives quite signi� cant results in the aerodynamic and
aeroelastic analyses. The present method can predict the un-
steady airloads of multibladed rotors and the effect of the in-
terblade unsteady wake dynamics beneath the rotor blades on
the aeroelastic response.

The � nite element equations of motion are solved for the
nonlinear steady deformation using the Newton – Raphson
method. Assuming blade motions to be small perturbations
about steady equilibrium positions, the aeroelastic response is
calculated by a time-marching solution procedure, and then the
stability analysis is performed by using a moving block anal-

ysis. The steady de� ections and the stability have been inves-
tigated for cantilevered isotropic rotor blades with uniform sec-
tion properties. The results are compared with those obtained
by the two-dimensional quasisteady strip theory.

Blade Structural Model
Consider the rotor blade rotating with constant V depicted

in Fig. 1. Here the triad I1, I2, I3 is � xed in an inertial frame
and the triad i1, i2, i3 � xed in a reference frame that rotates
with respect to the inertial frame at a constant angular velocity
VI3, and the triad e1, e2, e3 attached to a reference line along
the axis of the undeformed blade. The curvilinear coordinates
along this triad are x1, x2, and x3, respectively. ei and E i (i =
1, 2, 3) are the base vectors at the positions r0(x1, 0, 0) and
R0(x1, 0, 0) of the reference line, and gi and G i are the base
vectors at the positions r and R of an arbitrary point of the
cross section in the undeformed and deformed blade con� gu-
rations, respectively. is the new orthonormal triad at thee*i
reference line after deformation. Assuming that the initial cur-
vatures are small and the axial and shearing strains are much
smaller than unity in the Green – Lagrangian strain components
(for more details see Ref. 10), the engineering strain compo-
nents «11, g12, and g13 are expressed as follows:

­l ­l
« = ē 2 x k 1 x k 1 l§9 1 k x 2 x §11 11 2 3 3 2 1 3 2S D­x ­x2 3

1 12 21 (2ē 2 x k ) 1 (2ē 1 x k ) (1)12 3 1 13 2 1
2 2

­l ­l
g = 2ē 2 x k 1 §, g = 2ē 1 x k 1 §12 12 3 1 13 13 2 1

­x ­x2 3

where l(x2, x3) is the Saint Venant warping function, §(x1) is
the warping amplitude, and ( )9 means the derivative with re-
spect to x1. The force strains (ē11, 2ē12, 2ē13) and moment
strains (k1, k2, k3) components are given by

ē u9 1 t 111 1 11

2ē = T(x ) u9 1 t 2 0 (2)12 1 2 12H J H J H J
2ē u9 1 t 013 3 13

k a9 k1 1 1

k = C a9 2 k (3)2 k 2 2H J H J H J1

k a9 k3 3 3
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Fig. 2 Numerical lifting surface and wake vortex panels.

where

s 0 12

C = c s 2c 0k 2 3 3F G1

c c s 02 3 3

where ui are the components of the displacement vector u in
the basic reference triad ii. The matrix T from the triad ii to
the triad is de� ned as = Tijij. Here, ci = cos ai and si =e* e*i i

sin ai; a1, a2, a3 denote c (lead – lag angle), b (� ap angle),
and u (pitch angle), respectively. t11, t12, t13 are the components
of the transformation matrix from ii to ei. k1 is the pretwist,
and k2 and k3 are initial curvatures of the blade.

The equations of motion for a hingeless isotropic rotor blade
are obtained using Hamilton’s principle. Additional details
concerning strain energy and kinetic energy can be found in
Ref. 17.

Three-Dimensional Aerodynamic Model
In the present analysis, rotor blades are regarded as thin

lifting surfaces. These thin lifting surfaces and the wake region
are discretized by a number of vortex-ring elements with
piecewise constant strength (Fig. 2). In each panel of the blade
surface, the leading segment of the vortex-ring is placed on
the panel’s quarter chord line and the collocation point is at
the center of the three-quarter chord line. The boundary con-
dition of no-� ow penetration on the lifting surface should be
satis� ed at the collocation point of each panel where the Kutta
condition is satis� ed implicitly. Thus, the following algebraic
equations, in terms of the unknown strength G of the bound
vortex, can be obtained18:

[A]{G} = {V ?n} 2 {W ? n} (4)blade wake

where [A] is the unit strength bound vortex of each panel of
the blade and V is the elastic motion and the rotation of the
rotor blade. Here, {V ?n} denotes the perpendicular component
VP of the velocity V with respect to the

deformed blade coordinate system. Three components VR (ra-
dial), VT (tangential), and VP of V are expressed as

V 0 0 2xR 2

V = TuÇ 1 0 0 0 C aÇT kH J F G 1

V x 0 0P 2

0 21 0 0
T1 VT 1 0 0 r 1 u 1 T x (5)0 2F G S H JD

0 0 0 0

where x2 is the relative chordwise distance between the elastic
axis and the collocation point of each panel and ( Ç ) denotes
the time derivative. After obtaining G of each panel at each
time step, the local pressure difference can be computed by
using the unsteady Bernoulli equation. The resulting sectional
unsteady lift, induced drag, and pitching moment are then ob-
tained by adding the contribution of the individual chordwide
panels.

Compressibility effect is considered by relating a pressure
coef� cient Cp with an incompressible pressure coef� cient Cp0

at a given subsonic Mach number by the Prandtl– Glauert
rule21:

2C = C / 1 2 M (6)Ïp p `0

Equation (6) relates an incompressible � ow over a given two-
dimensional pro� le to a subsonic compressible � ow over the
same pro� le.

In this analysis, the tip-vortex geometry is prescribed from
the Kocurek and Tangler’s recirculation model,19 de� ning the
axial and radial tip-vortex coordinates, and the geometry of
the inboard wake sheet given by Landgrebe’s wake model20 is
used. These wake geometries are functions of the rotor thrust
coef� cient, number of blades, collective pitch angle, and blade
twist. Thus, the calculation of the steady loading is repeated
until the converged solution of the whole vortex system is
obtained for the given con� guration parameters. As the line-
arized stability is performed in the present aeroelastic analysis,
the unsteady loading is calculated for small perturbed motions
of the blade about the steady equilibrium position.

Solution Procedure
The � nite element equations of motion for hingeless rotor

blades can be formulated by using the Lagrangian elements
with C 0 continuity as the shear deformation of the blade is
allowed. Upon introducing the spatial discretization of the dis-
placement u, the rotation a, and the warping amplitude § into
Hamilton’s principle, the equations of motion in the matrix
form are obtained:

[M(q)]q̈ 1 [G(q)]qÇ 1 P(q) 2 P (q) = P (t, q) (7)C A

where [M ] and [G] are the mass and gyroscopic damping ma-
trices in � nite elements, respectively. P is the internal elastic
force vector, PC is the centrifugal force vector, PA(t, q) is the
generalized load vector because of the aerodynamic forces and
pitching moment, and q is the generalized nodal displacement
vector. To solve the governing equations of motion, the steady-
state deformation because of steady aerodynamic loads and
centrifugal forces is determined � rst. By dropping all time-
dependent terms, the steady equilibrium equations are ob-
tained: P(q0) 2 PC(q0) = PA(q0). The nonlinear steady defor-
mation q0 is obtained through the iterative Newton – Raphson
method. However, the linearization of Eq. (7) cannot be ex-
pressed in explicit form as in the two-dimensional aeroelastic
analysis, since the aerodynamic forces and moment are com-
plex nonlinear implicit functions of the blade deformation and
motion at each instant of time. A direct eigenvalue analysis for
determination of the stability is not possible. Thus, the line-
arized perturbation equations about the known equilibrium
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Fig. 3 Spanwise thrust loading of a two-bladed rigid rotor (AR
= 6).

Fig. 4 Spanwise lift distribution of a two-bladed rigid rotor (AR
= 10.3).

de� ections q0 can be reduced to the � rst-order ordinary dif-
ferential equations of the following form:

Ç ˜q̃ 0 I q 0
= 1 (8)2 1 21 2 1H J F G H J H J˜¨ Çq̃ 2M K 2M G q̃ M PA

where K = KT 2 KCKT and KC are the tangent matrices for P
and PC, respectively. is the perturbed blade motion and ˜q̃ PA

the perturbed load vector which is calculated in real time base
from the input of . This system can be integrated numericallyq̃
in time for the proper initial conditions of , , and . The˜Çq̃ q̃ PA

initial value of is taken to be 10% of the equilibrium positionq̃
q0.

4 The time is set equal to zero at the initial perturbation and
the blade is set free to move under the interaction of internal,
inertial, and external aerodynamic loads. From the known val-
ues of the state vector and the perturbed aerodynamic loads,
Eq. (8) is integrated by the fourth-order Runge – Kutta method.
The position and orientation of the blade surface change from
one time step to the next, and therefore [A] should be recom-
puted at every time step. In this analysis, the coef� cient matrix,
however, is computed only once for the steady equilibrium
shapes of the deformed blade and the wake, because the un-
steady motion of the blade is very small under the present
small perturbation assumption, while the normal boundary
condition is updated at each time step. To obtain more accurate
modal damping and frequency, the initial perturbation of the
blade is given only in the particular mode of interest. Once
the time histories of the blade lead – lag, � ap, and torsional
de� ections are known, the modal damping and frequency of
any desired mode can be determined from the moving-block
analysis.22

Discussion of Results
The numerical vortex-ring models of the blade surface and

its wake for a two-bladed rotor considered in this analysis are
presented in Fig. 2. The blade has an untwisted rectangular
blade shape with 10% root cutout. The lifting surface is dis-
cretized by 6 (chordwise) 3 14 (spanwise) vortex-ring ele-
ments. The dimensionless time step Dc is 10 deg and the po-
sition of the rolled-up tip-vortex is 60 deg. The wake is
considered up to two revolutions of the reference blade for the
two-bladed rotor. To verify the present vortex lattice method
(VLM), it was applied to a two-bladed rigid rotor. The blade
has a solidity of 0.1061 with NACA 0012 airfoil section. The
spanwise distribution of the normalized thrust loading for a
rigid rotor is compared with the experimental23 and panel
method’s results4 in Fig. 3. The present VLM gives accurate
results, including the three-dimensional tip-loss effect outside
of the maximum sectional loading.

The three-dimensional tip-relief and unsteady wake dynam-
ics effects for the two-bladed rigid rotor with AR = 10.3 are
investigated. The normalized steady lift distribution at 10-deg
collective pitch angle is shown in Fig. 4. The results are also
compared with those obtained from the two-dimensional strip
theory. The induced in� ow in the strip theory is taken to be
steady and uniform along the blade span and equal to the value
of nonuniform in� ow given by combined momentum/blade
element theory at the 75% spanwise station. The result of the
present VLM clearly represents the three-dimensional tip-loss
effect that cannot be predicted using the strip theory and the
uniform in� ow distribution. Figure 5 presents the time histo-
ries of the perturbed lift for the hovering rotor undergoing a
rigid pitching perturbation, Dup = 0.1 deg cos vt, at 10-deg
collective pitch angle. Here the dimensionless time step is
taken to be 5 deg. There are transient peaks because of the
starting vortex at earlier time steps. The results for the collec-
tive and differential modes do not show a clear difference until
the wake vortices shed from the preceding blade approach the
reference blade (half-revolution, 180 deg). After one revolu-
tion, there is a major difference in the perturbed lift because
of the unsteady wake beneath the rotor. When the wake vor-

tices shed from the preceding blade pass below the reference
blade in the collective mode, the shed vortices make the in-
duced in� ow out-of-phase at v /V = 1 and in-phase at v /V =
2. This mechanism is reversed in the differential mode. Thus,
the loading of the collective mode becomes higher (v /V = 1
case) and smaller (v /V = 2 case) than that of the differential
mode, respectively. Figure 6 shows the spanwise incremental
lift distribution at its maximum peak depicted in Fig. 5. Figure
6 indicates that the two-dimensional quasisteady aerodynamics
lacks the tip-relief effect and does not predict the effect of
unsteady in� ow because of shed vorticity.

In the present aeroelastic analysis, the chordwise offsets of
the c.m., tension center, and aerodynamic center from the elas-
tic axis are considered to be zero. Assuming that the cross
section is doubly symmetric, the present beam model is for-
mulated by Ip (polar moment of inertia) for the torsional twist
angle and D (section warping integral de� ned in Ref. 24) for
the warping amplitude. Thus, to consider the warping defor-
mation, a small value of D corresponding to 0.1% of Ip is used,
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Fig. 5 Time histories of the perturbed lift at 10-deg collective pitch angle. Perturbed pitching motion, Dup = 0.1 deg cos v t with
a) v /V = 1 and b) v /V = 2.

Fig. 6 Spanwise incremental lift distribution at its maximum
peak.

Fig. 7 Spanwise lift and induced drag distribution of two-bladed
rotor at 10-deg collective pitch angle.
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Fig. 9 Wake geometry of rigid and elastic blades at 12-deg col-
lective pitch angle: a) rigid or undeformed blade and b) elastic or
deformed blade.

Fig. 8 Equilibrium tip de� ections of two-bladed rotor at 10-deg
collective pitch angle.

but the other section integrals including the warping are taken
to be zero as in Refs. 1 and 3. The following common param-
eters (con� gurations and operating condition parameters) are
used in the calculations:

2k = 0.02778, k /k = 0.0, (k /k ) = 1.0, g = 6.308m m m A m1 2

s = 0.06189, N = 2, c/R = 0.09722, a = 2p (9)b 0

c = 0.01, b = 0, (M ) = 0.7d pc ` tip0

The nondimensional rotating � ap (vF), lead – lag (vL), and tor-
sional (vT) frequencies used in the present calculations are
1.14, 1.3, and 3.0, respectively.

Figure 7 shows the sectional lift and the section-induced
drag considering the compressibility effect at 10-deg collective

pitch angle. The compressibility effect increases the sectional
lift and the section-induced drag because the compressibility
increases the Cp in Eq. (6). Figure 8 shows the normalized
equilibrium � ap, lead – lag, and torsion de� ections at the blade
tip. The tip � ap de� ections obtained from the two-dimensional
theory are overestimated because of the higher thrust near the
blade tip. The compressibility effect increases the tip � ap de-
� ections. The tip lead – lag de� ections also show a similar
trend. The tip torsional de� ections predicted by the vortex
lattice method are about one-third of those given by the
two-dimensional theory. This is because of the three-dimen-
sional tip effect that produces high nose-up pitching moment
at the blade tip. The compressibility effect decreases the tip
torsional de� ections because the compressibility produces
higher nose-up pitching moment. Figure 9 is the three-dimen-
sional view of the undeformed and deformed blades and the
wake region for the reference blade. Here, the position change
of the vortex sheet because of the elastic deformation is con-
sidered up to the position of the rolled-up tip vortex (c = 60
deg), since the deformation is small compared with the whole
wake region.

The time histories for blade motions obtained from an initial
perturbation of the lead – lag mode are shown in Fig. 10. The
results of the compressibility effect in the three-dimensional
theory for two (collective and differential) dynamic modes are
compared. The amplitudes of the two dynamic modes de-
creases more rapidly in the compressible case. The modal
damping and frequency characteristics are determined through
the moving-block analysis for the time histories. The lead – lag
modal damping and frequency at various collective pitch an-
gles are shown in Fig. 11. It is observed that the damping
obtained from the three-dimensional method has a lower value
than that from the quasisteady theory. The overprediction of
lead – lag damping by the two-dimensional aerodynamics is be-
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Fig. 10 Time histories of perturbed motions at 10-deg collective
pitch angle obtained from an initial perturbation of lead – lag: a)
collective and b) differential modes.

Fig. 11 Lead – lag damping and frequency of a stiff in-plane
rotor.

cause of a lack of both the three-dimensional tip-relief and
unsteady wake dynamics effects. The compressibility effect in-
creases the lead – lag damping. The lead – lag damping in the
collective mode has slightly higher values than in the differ-
ential mode below about 9-deg collective pitch angle. The dif-
ference of the damping between collective and differential dy-
namic modes is because of the phase difference effect of
vortices � uctuation as shown in Fig. 5. The lead – lag modal
frequencies by the three aerodynamic models have a slight
difference, but those are almost identical.

Conclusions
In this paper the re� ned aeroelastic analysis of hingeless

rotor blades in hover has been performed. The � nite element
formulation is obtained using the large de� ection-type model
that is not based on ordering scheme and includes all kinematic
nonlinear effects. The unsteady vortex lattice method coupled
with the prescribed wake geometry is used to evaluate the
three-dimensional aerodynamic loads. The steady tip de� ec-
tions and the lead – lag damping for a two-bladed stiff in-plane
rotor are compared with those obtained by the two-dimen-
sional quasisteady strip theory. The compressibility effect is
also considered in the analyses. The results show that three-
dimensional tip and realistic wake effects greatly affect the
steady equilibrium and the rotor stability. Especially, the pre-
dicted torsional de� ections are about one-third of those pre-
dicted by the two-dimensional theory. The lead – lag damping
is predicted much smaller than that of the two-dimensional
quasisteady theory. The compressibility effect increases the tip
� ap and lead – lag de� ections because of the increase of the
lift and induced drag and decreases the tip torsional de� ections
because of the increase of the nose-up pitching moment. The
lead – lag damping is more conservative in the incompressible
case. It is concluded that the three-dimensional aerodynamics
should be used for the accurate prediction of the hingeless
rotor stability in hover, since the two-dimensional aerodynam-
ics cannot predict both the three-dimensional tip-relief and un-
steady wake dynamics effects.
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